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The α-η-F and α-κ-F Composite Fading Distributions
Osamah. S. Badarneh
Abstract—In this paper, we present the α-η-F and α-κ-F
composite fading distributions. The two distributions generalize
the two well-known composite fading distributions, namely the
η-µ/inverse gamma and the κ-µ/inverse gamma distributions. For
both distributions, we derive new exact closed-form expressions
for the probability density function (PDF) and cumulative density
function (CDF) of the instantaneous signal-to-noise ratio (SNR).
Additionally, the outage probabilities (OPs) of a wireless commu-
nication system operating over the new composite fading channels
are obtained. Moreover, we derive asymptotic OPs, in the high
SNR regime, to gain more insight into the influence of fading
parameters. Some numerical results on the envelope PDFs and
OPs are provided and compared with Monte-Carlo simulation
results to validate the analyses.
Index Terms—Channel modeling, composite fading, inverse
gamma (Nakagami).
I. INTRODUCTION
W IRELESS fading channels can strongly affect thecommunication between the transmitter and receiver.
Hence, characterization of wireless fading channels plays a
crucial role in wireless communication systems design.
Over the past decades, there is considerable research on
channel fading characterization. Recently, the authors in [1]
extended the work in [2] and proposed two composite fading
channels, namely the η-µ/inverse gamma and κ-µ/inverse
gamma. In [3], the authors presented a unified model for the
composite η-µ/gamma, κ-µ/gamma, and α-µ/gamma distribu-
tions based on a mixture gamma distribution. Based on the
κ-µ model [2], the authors in [4] presented the κ-µ shadowed
fading distribution. The authors in [5] explored the utility
of inverse gamma distribution in characterizing composite
fading channels. The α-κ-µ shadowed fading distribution was
proposed as a generalization of the κ-µ shadowed fading
distribution [6]. In [7], the authors modeled the multi-path
components by Nakagami distribution, while the shadowing
was modeled by inverse Nakagami distribution. The result-
ing model is known as Fisher-Snedecor F distribution. The
authors in [8] employed the gamma and the inverse gamma
distributions to model the small- and large-scale irradiance
variations of the propagating wave, respectively, where the
resulting model is equivalent to the model proposed in [7].
In this letter, two new composite fading distributions,
namely the α-η-F and the α-κ-F distributions are presented.
Unlike the existing distributions in the literature, the compos-
ite distributions proposed in this letter jointly consider the
effect of shadowing and the non-linearity of the propagation
medium. Moreover, the new composite distributions can offer
more flexibility as they include other well-known distributions
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such as the κ-µ/inverse gamma and the η-µ/inverse gamma
distributions [1], the α-η-µ and the α-κ-µ distributions [9]
–and their inclusive ones– as special cases. Some potential
applications of the proposed distributions include device-to-
device, wearable, cellular and vehicular communications. For
the proposed composite distributions, the exact analytical
expressions for the probability density function (PDF) and
cumulative distribution function (CDF) are derived. Some
numerical results accompanied by Monte-Carlo simulations
are provided to validate the analysis.
The remainder of this paper is organized as follows. Section
II describes the physical models of the proposed composite
fading distributions and derives the PDFs and CDFs of the
instantaneous signal-to-noise ratio (SNR) for both distribu-
tions. In Section III, we provide some plots on the envelope
PDFs and the outage probabilities (OPs). Finally, Section IV
concludes this letter.
II. THE α-η-F AND α-κ-F COMPOSITE FADING
DISTRIBUTIONS
A. The α-η-F Distribution
In the α-η-F composite distribution, the received signal
envelope is defined as
RααηF = Z
2X2I + Z
2Y 2Q =
µ∑
i=1
Z2X2i +
µ∑
i=1
Z2Y 2i , (1)
where α > 0 represents the nonlinearity of the propaga-
tion media, µ represents the number of multi-path clusters,
and XI and YQ the in-phase and quadrature components,
respectively. Specifically, Xi and Yi are mutually independent
Gaussian random variables (RVs), which represent the in-
phase and quadrature components of the cluster i, respectively,
with E[Xi] = E[Yi] = 0. Similar to the η-µ distribution
[2], the α-η-F distribution has two formats. In Format I,
E[X2i ] = σ
2
X , E[Y
2
i ] = σ
2
Y , and η = σ
2
X/σ
2
Y , (0 < η < ∞),
represents the scattered-wave power ratio between XI and
YQ of each cluster of multi-path, whereas in Format II,
E[X2i ] = E[Y
2
i ] = σ
2, and η = E[XiYi]/σ
2, (−1 < η < 1),
represents the correlation coefficient between XI and YQ.
Note that the two formats can be related to each other
by ηFormat I = (1− ηFormat II)/(1 + ηFormat II), or equivalently,
by ηFormat II = (1− ηFormat I)/(1 + ηFormat I). In (1), Z is a
normalized inverse Nakagami RV, i.e., E[Z2] = 1, with shape
parameter ms whose PDF is given by
fZ(z) =
2(ms − 1)ms
Γ (ms) z2ms+1
exp
(
−ms − 1
z2
)
, ms > 1 (2)
where Γ(·) is the gamma function [10, Eq. (8.310.1)].
Lemma 1 (The α-η-F distribution: PDF). Let γ ∈ R+ be
a RV that represents the instantaneous SNR under α-η-F
2distribution, with γ = E[γ] ∈ R+ and shape parameters
α, η, µ ∈ R+ and ms > 1, i.e., γ ∼ GαηF (γ, α, η, µ,ms).
Therefore, the PDF of the instantaneous SNR γ can be
expressed as in (3), at the top of the next page.
where in (3), B(·, ·) is the beta function [10] and 2F1(·)
is the Gauss hypergeometric function [10, Eq. (9.111)], h =
(2 + η−1 + η)/4 and H = (η−1 − η)/4 in Format I, whereas
h = 1/(1− η−2) and H = η/(1− η−2) in Format II.
Proof: See Appendix A.1.
Lemma 2 (The α-η-F distribution: CDF). The CDF of the
instantaneous SNR γ under α-η-F distribution can be derived
as in (4), where (x)n denotes the Pochhammer symbol [10].
Proof: See Appendix A.2.
Lemma 3 (Truncation error for the CDF in (4): Tǫ). The
truncation error for the CDF in (4), if it is truncated after
K0 − 1 terms, can be given in closed-form as in (5).
Proof: See Appendix A.3.
Note that when ms →∞, the α-η-F distribution coincides
with the α-η-µ distribution. Moreover, when α = 2, the
α-η-F distribution is equivalent to the η-µ/inverse gamma
distribution and hence; all special cases in [1, Table I] can
be deduced. Additionally, when η → 1, the α-η-F reduces
to α-F distribution. Through the α-F distribution, the Fisher-
Snedecor F distribution can be deduced when α = 2. When
µ = 1, the α-η-F reduces to α-η/inverse gamma. To the best
of authors’ knowledge, the α-F and the α-η/inverse gamma
distributions have been not reported in the literature before.
B. The α-κ-F Distribution
In the α-κ-F composite distribution, the received signal
envelope is defined as
RαακF =
µ∑
i=1
Z2(Xi + pi)
2 +
µ∑
i=1
Z2(Yi + qi)
2, (6)
where α, µ, Z , Xi, and Yi are defined as in (1), while here
E[X2i ] = E[Y
2
i ] = σ
2. pi and qi are defined as in [2], that
is, pi and qi represent the mean values of the in-phase and
quadrature components of the multipath waves of cluster i,
respectively. Note that the ratio of the total power of the
dominant components to the total power of the scattered waves
represents the parameter κ. As such, κ = d2/2µσ2 > 0, where
d2 =
∑µ
i=1 p
2
i + q
2
i .
Lemma 4 (The α-κ-F distribution: PDF). Let γ ∈ R+ be
a RV that represents the instantaneous SNR under α-κ-F
distribution, with γ = E[γ] ∈ R+ and shape parameters
α, κ, µ ∈ R+ and ms > 1, i.e., γ ∼ GακF (γ, α, κ, µ,ms).
Therefore, the PDF of the instantaneous SNR γ can be written
as
fγακF (γ) =
αµµ(1 + κ)µ
(
(ms − 1)ωγ α2
)ms
exp (−µκ)
2B (µ,ms)
(
µ(1 + κ)γ
α
2 + (ms − 1)ωγ α2
)µ+ms
× γ αµ2 −11F1
(
µ+ms;µ;
µ2κ(1 + κ)γ
α
2
µ(1 + κ)γ
α
2 + (ms − 1)ωγ α2
)
,
(7)
where 1F1(·) is the Confluent hypergeometric function [10, Eq.
(9.210.1)] an ω is defined as
ω =
µ(1 + κ)
ms − 1
(
B (µ,ms) exp (µκ)
B
(
µ+ 2
α
,ms − 2α
)
1F1
(
µ+ 2
α
;µ;µκ
)
)α
2
.
(8)
Proof: See Appendix A.3.
Lemma 5 (The α-κ-F distribution: CDF). The CDF of the
instantaneous SNR γ under α-κ-F distribution can be derived
as
FγακF (γ) =
∞∑
t=0
exp (−µκ)(µκ)t
t! B(µ+ t,ms)(µ+ t)
(
µ(1 + κ)γ
α
2
(ms − 1)ωγ α2
)µ+t
× 2F1
(
µ+ms + t, µ+ t;µ+ t+ 1;
−µ(1 + κ)γ α2
(ms − 1)ωγ α2
)
.
(9)
For the case (ms − 1)ωγ α2 > µ(1 + κ)γ α2 , we can rewrite
(9) in closed-form, i.e., in terms of Kampe´ de Fe´riet function
F p;q;rk;m;n[·] [11, Eq. (1.3.28)], as
FγακF (γ) =
exp (−µκ)
µB(µ,ms)
(
µ(1 + κ)γ
α
2
(ms − 1)ωγ α2
)µ
× F 2:0;01:1;0
[
µ+ms, µ: ; ;
µ+ 1 :µ ; ;
µ2κ(1 + κ)γ
α
2
(ms − 1)ωγ α2
,− µ(1 + κ)γ
α
2
(ms − 1)ωγ α2
]
,
(10)
while for the case (ms − 1)ωγ α2 ≤ µ(1 + κ)γ α2 , (9) can be
rewritten in terms of Humbert Ψ1 function [11, Eq. (1.3.21)]
as
FγακF (γ) = e
−µκΨ1
(
µ; 0; 1−ms, µ, −(ms − 1)ωγ
α
2
µ(1 + κ)γ
α
2
, µκ
)
−
[
exp (−µκ)
ms B(µ,ms)
(
(ms − 1)ωγ α2
µ(1 + κ)γ
α
2
)ms
×Ψ1
(
µ+ms;ms; 1 +ms, µ,
−(ms − 1)ωγ α2
µ(1 + κ)γ
α
2
, µκ
)]
.
(11)
Proof: See Appendix A.5.
Note that when ms →∞, the α-κ-F distribution coincides
with the α-κ-µ distribution. Moreover, when α = 2, the
α-κ-F distribution is equivalent to the κ-µ/inverse gamma
distribution and hence; all special cases in [1, Table I] can
be deduced. Additionally, when κ → 0, the α-κ-F reduces
to α-F distribution, whereas when µ = 1, the α-κ-F reduces
to α-κ/inverse gamma. To the best of authors’ knowledge, the
α-κ/inverse gamma distribution has been not reported in the
literature before.
III. SIMULATION RESULTS AND DISCUSSION
To validate our analysis, we provide in this section some
plots for the envelope PDFs of the both distributions. Also,
we provide some results on the outage probability (OP) to
validate the derived CDFs and to study the impact of different
channels parameters.
3fγαηF (γ) =
α22µ−1µ2µhµ
(
(ms − 1)υγ α2
)ms
γαµ−1
B (2µ,ms)
(
2µhγ
α
2 + (ms − 1)υγ α2
)2µ+ms 2F1
(
µ+
ms
2
, µ+
ms + 1
2
;µ+
1
2
;
(
2µHγ
α
2
)2(
2µhγ
α
2 + (ms − 1)υγ α2
)2
)
,
where υ =
(
2µh
ms − 1
)(
B (2µ,ms)h
µ
B
(
2µ+ 2
α
,ms − 2α
)
2F1
(
µ+ 1
α
, µ+ 1
α
+ 12 ;µ+
1
2 ;
H2
h2
)
)α
2
.
(3)
FγαηF (γ) =
22µ−1hµ
Γ(2µ)Γ(ms)
∞∑
k=0
Γ(2µ+ 2k +ms)H
2k
k!
(
µ+ 12
)
k
(µ+ k)
×
(
µγ
α
2
(ms − 1)υγ α2
)2µ+2k
2F1
(
2µ+ 2k +ms, 2µ+ 2k; 2µ+ 2k + 1;
−2µhγ α2
(ms − 1)υγ α2
)
. (4)
Tǫ ≤ 2F1
(
2µ+ 2K0 +ms, 2µ+ 2K0; 2µ+ 2K0 + 1;
−2µhγ α2
(ms − 1)υγ α2
)(
µγ
α
2
(ms − 1)υγ α2
)2µ
× Γ(ms + 2µ)
(µ+K0)
2F1
(
2µ+ms
2
,
2µ+ms + 1
2
;
2µ+ 1
2
;
(
2µHγ
α
2
(ms − 1)υγ α2
)2)
.
(5)
Fig. 1. The α-η-F PDF distribution for different values of µ and Ω.
Figs. 1-3 show the envelope PDFs of the α-η-F , Format I,
and the α-κ-F distributions for different parameters. Clearly,
there is an excellent agreement between the numerical results
and the Monte-Carlo simulations, which validates the derived
PDFs. Specifically, Fig. 1 shows that the PDF curves are
less sensitive with respect to the value of η, which means
that increasing η has less effect on the system performance.
Additionally, Fig. 1 and Fig. 2 show that lower values of Ω
shift the curves closer to the ordinate axis. Moreover, Fig. 2
and Fig. 3 show that higher values of the parameters α, µ or
ms tend to produce PDF curves more concentrated around the
mean Ω, which means better performance.
The OP can be evaluated usingOPΞ = FΞ(γth), where Ξ ∈
{αηF , ακF}, FΞ(·) is given in (4) and (9). The asymptotic
OP can be obtained when γ → ∞ and using the fact that
Fig. 2. The α-κ-F PDF distribution for different values of κ and α.
Fig. 3. The α-κ-F PDF distribution for different values of µ and ms.
2F1 (·, ·; ·; 0) = 1, thus we get
OPγαηF =
(2µ)2µ−1hµ
B(2µ,ms)
(
γ
α
2
th
(ms − 1)υγ α2
)2µ
. (12)
4Fig. 4. OP as a function of normalized outage threshold over α-η-F model.
Fig. 5. OP as a function of normalized outage threshold over α-κ-F model.
In the high SNR regime, the OP can be expressed as
Pout = (Gcγ)
−Gd + O(γ−Gd) where Gc and Gd are the
coding and diversity gains. It is obvious from (12) that
Gc =
1
γth
(
(2µ)2µ−1hµ
B(2µ,ms)(ms−1)2µυ2µ
)− 1
αµ
and Gd = αµ.
For the α-κ-F distribution, the asymptotic OP can be
derived as
OPακF = µ
µ−1 exp (−µκ)
B(µ,ms)
(
(1 + κ)γ
α
2
th
(ms − 1)ωγ α2
)µ
. (13)
It is clear that Gc =
1
γth
(
µµ−1 exp (−µκ)(1+κ)µ
B(µ,ms)(ms−1)µ
)− 2
αµ
and
Gd =
αµ
2 . The OP, for both channels, as a function of
normalized outage threshold γth/γ is depicted in Fig. 4 and
Fig. 5. It is clear that as any of the parameters α, η, κ, and µ
increases, the OP performance improves. However, the impact
of α and µ is more pronounced of that of η and κ; which
can be related to the different phenomena that each parameter
describes. Additionally, Fig. 4 and Fig. 5 show that the slope
of the asymptotic curves increases as α or µ increases. On
the other hand, the slope does not change as η or κ changes;
which confirms the diversity gain in (12) and (13).
IV. CONCLUSIONS
Two composite fading distributions were presented in this
letter, namely the α-η-F and α-κ-F distributions. The α-η-
F and α-κ-F distributions are very versatile as various well-
known fading channels in the literature can be obtained as
special cases. Since the new distributions jointly consider the
non-linearity of the propagation media and shadowing, it is
expected that they can provide better flexibility to characterize
wireless fading channels compared with other distributions in
the literature, such as the α-η-µ, α-κ-µ, η-µ/inverse gamma,
and κ-µ/inverse gamma distributions.
APPENDIX A
A.1) Proof of Lemma 1: Let’s define the received signal
envelope of η-F composite distribution as
R2ηF =
µ∑
i=1
Z2X2i +
µ∑
i=1
Z2Y 2i . (14)
Therefore, the envelope PDF of the η-F composite distribu-
tion (equivalently, the η-µ/inverse gamma [1]), can be derived
as
fRηF (r) =
22µ+1µ2µhµ ((ms − 1)λ)ms
B (2µ,ms) (2µhr2 + (ms − 1)λ)2µ+ms
r4µ−1
2F1
(
µ+
ms
2
, µ+
ms + 1
2
;µ+
1
2
;
(
2µHr2
)2(
2µhr2 + (ms − 1)λ
)2
)
.
(15)
where λ is the mean signal power which is given as λ =
E[R2ηF ] = 2µ(1 + η
−1)σ2X = 2µ(1 + η)σ
2
Y in Format I and
λ = 2µσ2 in Format II.
It is clear from (1) and (14) that RααηF = R
2
ηF with
mean signal power Ω = E[R2αηF ] = E[R
4
α
ηF ]. Using the
concept of transformation of RVs, the envelope PDF of the
α-η-F composite distribution can be derived as in (16). The
instantaneous SNR γ under α-η-F distribution can be derived
using γ =
γR2αηF
E[R2
αηF
]
=
γR2αηF
Ω . Thus, using the concept of
transformation of RVs and with the help of (16), the PDF in
(3) is obtained. Thus, the proof is completed.
A.2) Proof of Lemma 2: Using Fγ(γ) ,
∫ γ
0 fγ(x)dx,
[10, 3.194.1], [10, 8.335.1], and after some mathematical
manipulations, then (4) is obtained, which completes the proof.
A.3) Proof of Lemma 3: We note that (4) is a convergent
infinite series. As such, the truncation error, Tǫ, if it is
truncated after K0 − 1 terms can be expressed as
Tǫ =
∞∑
k=K0
Γ(2µ+ 2k +ms)H
2k
k!
(
µ+ 12
)
k
(µ+ k)
(
µγ
α
2
(ms − 1)υγ α2
)2µ+2k
2F1
(
2µ+ 2k +ms, 2µ+ 2k; 2µ+ 2k + 1;
−2µhγ α2
(ms − 1)υγ α2
)
.
(17)
Capitalizing on the fact that 2F1(·) is monotonically decreas-
ing with respect to k, (17) can be upper bounded as in (18),
at the top of the next page.
5fRαηF (r) =
α22µµ2µhµ
(
(ms − 1)υΩα2
)ms
r2αµ−1
B (2µ,ms)
(
2µhrα + (ms − 1)υΩα2
)2µ+ms 2F1
(
µ+
ms
2
, µ+
ms + 1
2
;µ+
1
2
;
(2µHrα)
2(
2µhrα + (ms − 1)υΩα2
)2
)
.
(16)
Tǫ ≤ 2F1
(
2µ+ 2K0 +ms, 2µ+ 2K0; 2µ+ 2K0 + 1;
−2µhγ α2
(ms − 1)υγ α2
)( µγ α2
(ms−1)υγ
α
2
)2µ
(µ+K0)
×
∞∑
k=K0
Γ(2µ+ 2k +ms)H
2k
k!
(
µ+ 12
)
k
(
µγ
α
2
(ms − 1)υγ α2
)2k
.
(18)
Since strictly positive terms are added up, the summation
limits in (18) can be expressed as
∞∑
k=K0
Γ(2µ+ 2k +ms)
k!
(
µ+ 12
)
k
(
µHγ
α
2
(ms − 1)υγ α2
)2k
≤
∞∑
k=0
Γ(2µ+ 2k +ms)
k!
(
µ+ 12
)
k
(
µHγ
α
2
(ms − 1)υγ α2
)2k
.
(19)
Applying the doubling formula [10, Eq. (8.335.1)] to the term
Γ(ms+ 2k + 2µ), the right-side of (19) can be rewritten as
≤
∞∑
k=0
22µ+2k+ms−1Γ(µ+ k + ms2 )Γ(µ+ k +
ms
2 +
1
2 )√
pik!
(
µ+ 12
)
k
×
(
2µHγ
α
2
(ms − 1)υγ α2
)2k
,
(20)
which can be further rewritten as
Γ(ms + 2µ) ≤
∞∑
k=0
(
2µ+ms
2
)
k
(
2µ+ms+1
2
)
k
(
2µHγ
α
2
(ms−1)υγ
α
2
)2k
k!
(
µ+ 12
)
k
.
(21)
Using [10, Eq. (9.14.1)], (21) can be expressed in closed-form
in terms of 2F1(·). Using this result in (18), then the truncation
error Tǫ is obtained in closed-form as in (5). Note that when
(ms − 1)υγ α2 < 2µHγ α2 , the transformation formula can be
used [10, Eq. (9.131.1)].
A.4) Proof of Lemma 4: Let’s define the received signal
envelope of κ-F composite distribution as
R2κF =
µ∑
i=1
Z2(Xi + pi)
2 +
µ∑
i=1
Z2(Yi + qi)
2. (22)
Therefore, the envelope PDF of the κ-F composite distribu-
tion (equivalently, the κ-µ/inverse gamma [1]), can be derived
as
fRκF (r) =
2µµ(1 + κ)µ ((ms − 1)℧)ms exp (−µκ)
B (µ,ms) (µ(1 + κ)r2 + (ms − 1)℧)µ+ms
r2µ−1
× 1F1
(
µ+ms;µ;
µ2κ(1 + κ)r2
µ(1 + κ)r2 + (ms − 1)℧
)
,
(23)
where ℧ is the mean signal power which is given as ℧ =
E[R2κF ] = 2µσ
2 + d2, where d2 =
∑µ
i=1 p
2
i + q
2
i . It is clear
from (22) and (6) that RαακF = R
2
κF with mean signal power
Ω = E[R2ακF ] = E[R
4
α
κF ]. Hence, the envelope PDF of the
α-κ-F composite distribution can be derived as
fRακF (r) =
αµµ(1 + κ)µ
(
(ms − 1)ωΩα2
)ms
exp (−µκ)
B (µ,ms)
(
µ(1 + κ)rα + (ms − 1)ωΩα2
)µ+ms
× rαµ−11F1
(
µ+ms;µ;
µ2κ(1 + κ)rα
µ(1 + κ)rα + (ms − 1)ωΩα2
)
.
(24)
With the help of γ =
γR2ακF
E[R2
ακF
]
=
γR2ακF
Ω , the PDF in (7) is
obtained. Thus, the proof is completed.
A.5) Proof of Lemma 5: Using the series representation for
1F1(·) [10, Eq. (9.14.1)] and then applying [10, Eq. (3.194.5)],
we obtain (9). Thus, the proof is completed. Due to space
limitations, the proof of (10) and (11) is omitted.
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